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.,

A limited number of lijli~-surface-th eory” solutwns for
w“ng8 with chordtie loadings remdting from angle of attack,
parabolic-arc camber, and jlap de$ection are now auailable.
The8e ~oMi-on8 were studied m“th the purpose of determining
methods of eittrapolating the rewlt8 in such a way that they could
be used to determine lijling-surface-theory dues of the aspect-
ratio corrections to the Iifi and hinge-moment parameters for
both angle+f-attack and jlap-de$ectwn-type loading that could
be used to predict the characteristics of horizontal tail surfaces
from section data with w.jicient accuracy for tm~-neering
purpo8e8. Such a method was devisedjor horizontal tail sur-
jace~ with full+pan eleuatcnw. In sp”te of the fact that the theory
inrolred ti rather complex, the method is simple to apply and
may be applied w“thout any knowledge of liflingwuface theory.

A comparison of experimental $nite-e-pan and 8ectian raJue8
and of the estimated aalues of the li~ and hinge-moment param-
eters for three horizontal tad w.rfaces wa8 made to prooide an
e.rpem”mentalcen>aiion of the method suggested.

~TjiODUCTION ‘ ‘

One of the problems for which Iifting-line theory has proved
inadequate (see reference 1) is that of estimating the hinge-
moment parameters of finite-span control surfaces from sec-
tion data. In reference 1 which treats three cases for which
experimental data were available, satisfactory additional
aspect-ratio corrections to the hinge moments of ailerons
caused by chord-wiseloading due to angle of attack could
be determined by means of lifting-surface theory.

Since the publication of reference 1, considerably more
section and fite-span (tail simfaces and ailerons) hinge-
moment data have become avaiIable, and in dl cases the
slope of the hinge-moment curve against mgle of attack
(measured at smaUangles of attack) couId be predicted with
satisfactory accuracy from the section data by means of the
lifting-surfac~theory aspect-ratio corrections. Although the
Iifting-surface-theory aspect-ratio corrections -were deter-
mined from a linear theory and thus apply only to the range
of anglee of attack near zero, they are extremely valuable
for defining the stick-force gradient for the important high-
speed case and are necessary for estimating the stick-free
stability characteristics.

No lifting-surface-theory solutions -wereavailable, however,
for wings with c.hordwiseIoading due to flap deflection. In
order to obtain at least one such solution, an electromagnetic-
analogy model (reference 2) of an eIlipticwing of aspect ratio
3, with the chordwise loading corresponding to that of a

0.5-chord plain flap in twodimenaiond flow, was constructed
~nd tested (reference 3). In-eider to check the aspect-ratio
corrections, determined from the results of the tests on the
electromagnetic-amdogy mockj, a semispan wing of the same
plan form, same flap-chord ratio, and of the NACA 0009
&foiI section -was constructed and tested in the Langley
4- by 6-foot vertical tunmel. The rewdta of these tests are
reported in reference 4.

& wiIl be shown (see section entitled “Experimental
Verification”), the wind-tunnel tests provided a satisfactory
check of the lifting-surface-theory aspect.=mtio.corrections
both to the variation of hinge-moment coe.fiicient.swith
respect to angle of attack and to flap deflection. t.

Lifting-surface theory appeared to provide an accurate
method of predicting finite-span characteristics from section
data. It n@jht, however, be many years before su.t3icient
lifting-surface-theory results will be available, to determine
the corrections for any plan form or flap-chord ratio because
so many variables are involved. The lift~+u#ice-theory
aspect-ratio corrections were-det&miined for” elhptic wings;
however, they apparently could also be applied to unswept
wings of other plan forma (see reference 1), even to the rec-
tangular wing w indicated by the.data of reference 5. Thwt
is, the hinge-moment slopes nem zero angle of attack and
zero flap deflection were.predicted satisfactorily for the rec-
tangular wing of aspect ratio 3 by use of theoretical results
for the eHiptic wing of aspect ratio 3.

The effect of the chord of thti flap on the Efting-surface-
theory aspec~ratio corrections was still to be determined;
therefore, m electromagnetic-analogy model of an elliptic
wing of aspect ratio 3 with eUiptic chordwise as well as
ellipticspanwiseloading (approx. circular camber, reference 3),
and an elIiptic wing of aspect ratio 6 sirdating a steady
rolI were also twted (reference 6). A study of lifting-aurface-
theory results available (elliptic wings of aspect ratio 3 with
angle-of-attack loading, 0.5-chord-flap loading, and parabolic-
arc camber, and an elliptic wing of aspect ratio 6 with angle-
of-attack loading and steady-roH loading) was made and
certain consistencies in the results were observed. From
these observations the methods of extending the results so
that they would provide lifting-surface-theory aspect-ratio
correction of satisfactory accuracy for engineering purposes
were believed to be pmctiwd for horizontal tail surfaces of
any flap-chord ratio, of aspect ratios from about 2 to 7, and
with almost any p~an form provided that the dihedral,
taper, and sweep are not excessive. Insufficient lifting-

surface-theory data are available, however, to predict the
variation of hinge momenta with elevator deflections for
part-spah elevators.
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The actual method of determining lift and hinge-moment
parameters from section data is presented heroin in a fairly
simple form in the section entitled ‘(Application of Method. ”
The theoretical development of aspect-ratio corrections to
lift and hinge-moment parameters for elliptic wings w-M
constant-percentage-chord, full-span flaps and the methods
used to extend these correc.tiom to other plan forms are
given in the s~ction entitled “Development of Method.”

A comparison of the available experimental flnite+pan
and section values and of the astimated values of lift and
hinge-moment parameters is made for three horizontal.t..
surfaces and is presented in the section entitled “Experi-
mental Veri6cation.”

SYMBOLS

(Section lift
section lift coefficient

!F )

(“)
tail lift coefficient ‘+

section hinge-moment coefficient

(Section hinge moment
qcet )

elevator hinge-moment coefficient

Hinge moment
( qz?b, )

.-

()dynamic pressure ~ PV2

mass density of air, slugs per cubic foot
angle of attack, degrees
angle of attack for twodimensional flow, degrees
effective angle of attack, degrees
induced angle of attack, degrees
ratio of maximum ordinate of a thin parabolic-arc

()airfoil to its semichord ~!5/2

induced paraboIi*a.rc camber
ordinate of thin pmaboliwwc airfoil
elevator deflection, degrees
tab deflection, degrees
aspect ratio (bZ/S’)

(“Tip chordtaper ratio Root OhO~
d)

span of horizontal tail
span of elevator
chord of horizontal tail
chord of horizontal tail at center section
chord of elevator
roofimean-square chord of elevator
chordwise distance from hxling edge
spanwise distance from plane of symmetry
area
center-of-pressure coefficient, location of center of

pressure as a function of the chord
lift coefficient resulting from a unit angle-of-

attack deflection Aa over part of the tail span
Mach number

Mng*moment factor for thcoretictd load caused
by streamline-curvature correction (rcferencc 6)

internal balance factor (ratio of pressure diflcmmce
across seal to pressure difference across vents)

experimentally determined reduction factor for F
to include the effects of viscosity (rcfcrcnce 6)

functions to express variation of hduccd streaml-
ine curvature with flap-chord ratio

constants

Jones edge-veIocity correction factor for lift
ticrement
trailing-edge angle, degrees
vertical component of induced vcIocity
vertical component of induced velocity rcsulting

from trailing vortices
free-stream velocity
circulation around tail center section
section lift-curve slope

ac~
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The subscripts outside the parentheses indicate the factora
held constant in determining the parameter.

Lifting-surface-theory parameters determined from Iifting-
surface-theory solutions of ellipticwings with two-dimensional
chordwise loadings (these parameters are discussed -when
they appear in the report):
al— induced ande of attack at the 0.5-chord line per unit
c1

[1(–)WJ
4 2rma. ~oA

section lift coefficient c
TA

ACL~c

c;
induced streamline-curvature lift coefficient per unit

[

()wb
8 s1.0 ?)—

. . ~r==
secblon hft coefficient ~x ~ ~ ~

()
()())

;d~ b/2
c

lich=
— induced streamline-curvature hinge-moment coeffi-cl

c.ient per unit section lift coefficient

[

(–)wb
Fq 3 1-0b 2r’m,3z—.

s(CJC)’Ar ~ ~ :
0

()())
:zd~

b/2
c

Subscripts:

lifting-line theory
lifting-surface theory
average
maximum
flap-t~e chordwise loading
balance
angle-of-attack-type chord-wiseloading
streamline curvature
parabolic-arc-camber chordwise loading
elevator or effective
tab
elliptic
determined from two-dimensional loading condition

APPLICATION OF METHOD

GENERALMETHOD

The section lift parameters (c~a, cu, and Comquently
(4.,) ~d section ~ge-mome~t PEWSIUeterS(c~. and cnJ
are assumed a-rafiable for the airfoiI sections and flap ar-
rangement of the horizontal tail at the Reynolds number,
Mach number, and turbulence conditions of the finite-span
horizontal tail. The method accounts for &t-order com-
pressibility eflects, provided that the section values of the
lift and hinge-moment parameters are determined at the
proper value of Mach number.

LIFT

THE PARAMETERCL=

The slope of the curve of Iift coefficient plotted against
angle of attack at small angles of attack may be found from
figure 1. The slope CL. is given as a function of the aspect

ratio A and the slope of the section lift curve cl=.

.

.

CL
.

.

0 2 4 6 8 10 12 14 16
Aspect ruti~ A

F[GUEEL-OJmt Won IlftIng-mrface theory fc+ dekrndmtfon of ths dope C4the Iift
cme for SM8Uanglm of attack.

EFFECTIVENESSPARAMETER(. ~)==

The value of the finite-span effectiveness parameter (CKJCL
is found from the sec.tiouvalues (~a)clin two steps (from figs. 2
and 3) if the horizontal taiI does not have constant-
percentage-chord elevators. The effectiveness of elevatora
that have a variable value of the section effectiveness
parameter (CO).lis found by a mechanical integration of the

C~Aa
Parameter {~; presented in figure 2 as indicated by

the following formula:

‘m)cL~=I-O(a’)’’“)
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FIOUEB 2.-Chmt bwxl on lfftfng-surfaeatheory for tbe evaluation of the finite-span UfG
effectfvene= wmmeter (4 Cr

The vfdues of (CXd)cz are plotted against the value of

y aIong the elevator span. TheC’LIACY for all points ~

Kmmz
area under the curve is equal to (a~)a~m.

If (ad),1has a constrtnt value along the elevator span

(~8)cLm= (~t).:

The corrected lifting-surface-theory value of (a;)c~ is

estimated from figure 3. !l?~e.procedure is to estimate the
average value of cc/c over the elevator span and detergine

[1(ff8)cL‘he‘a]ue‘f(at),,~from figure 3. This ratio is multi-

plied by the value of (ad)c~~~determined from the curves of

figure 2 or by the section value (aJC, if (a~)c~~~=(a~).,.

THE PARAMETER CQ

The slope C~8of the curve of lift coefficient plotted against
elevator deflection for small vahma of elevator deflection is
eqmd to the product of C=a and (LW)CL,which were found

previously; that is,

CLJ= CL=(~d)~L (2)

HINGEMOMENTS
THE PARAMETEIt Ch

The slope G’*=of the curve of hinge-moment coefficient.
plotted against angle of attack at small angles of attack may
bc found with satisfactory accuracy from the following
equation:

(3)

(et,/a)u
In figure. 4 are presented values of the parameter — .

(4,1

The values of this parameter for ~= 1.0 are equal to (CYi/a)=

since a taiI surface at artangle of attack.a may be considered
a tail surface with a full-chord flap having a deflection ~,

.

.

$
~
-

.

0 2 4“6 fo 12 f4
. t 0.1\8

F[avrm 4.-Chert bawd on lifting-snrfece theory for evaluation of Inducedangle of atteck fur
mdt geOmetrIoangh of attack or elevator dofieciton.

Values-of (A~,=)~C are equal to values of (AC& and CIJ

is equal to cl= when ~= 1.0. Thcso values may bo found

fro~ figures 5, 6, and 7, In figuro 5 arc prestytwl vttlucs of
the~qrameter

as a function of A(O. I/c ~=). Values of the aspect-ratio ftictor
.
1

A(A1/1–W+4.21) fi-ill’
- are given in figure 6 and values

F ‘-”
of ~ for elevators with plain (c~=O)and exposed-overhang(cd/c)

balance c*, in figure 7 (a). If an internally bahmccd elevator
is used, figure 7 (b) and the estimated balance fuctm- Zl,
which is one minus the seal leakage ratio, should I.Mused.
The average value of c,/c is used if this factor varies across
the elevator span. The value q= 1– 0.00054’.

FIGURE&-Chart bewd on Iiftlng+nrfaw theory for thti dete@rmtIon of the Increment of
Mnge-moment mcftlcient csusedby tndueedcllipt~ccherdwteclomllng.
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0 24 6 8 /0 /2 14 16
A.specf raf~ A

F[QUEZ.6.-Aspect-ratfo fachu l/A(A~~al)~W fw fncramentof Mnge-momrmt
coxllcfent causedby fndueed elIfptia ahordwka load.

If the values of cA.for the various sections across the span
do not vary from the mean value more than about 10 per-
cent and the taper ratio of the tail surface is about 0.5, it
wilI usualIy be satisfactory to estimate (ch=)=,awithout mak-

ing an actual spanwise integration. If the values of Ch=vary
more than about 10 percent, it will be necessary to make an
integration to obtain answers which are sufficiently correct.
The following integral is then used to evaluate (c,)=,=:

(%)=,== !$f’p(a.s-w ‘4)

—

C*F= Cdc

(a) Plafn nosemd external-overhangaarodymamfcbd~. (b) Intwnd aerodymmfu LmIanms.

FIGGEEi.– Chartbawd on tbhr afrfofl theory for cmnluatfonof the hfngwnomant-coem.cfentcnrractionfaotcwFKcJcP for eIevatom
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THE PARAMETER CL,

The slope C*, of the curve of hinge-momenb coeihient
plotted against elevator.deflectkm at-small values of elevator
deflection may be found with satisfactory accuracy from the
following equation:

-@)M(%)=,,+(%)=%+ (%)=.. (5)

where wdues of (c~ic~)may be avemged by eye if chz Wu’ics

only a small amount or by the following cqua tion if i~
vmies considerably:

The induced-angle-of-at tack pmarmter (add)U may be
determined from figure 4 for the average value of c~c.

The following integral is uwd for tho evaluation of [ch=)a,t:

Values of the parameter (a&dll)U may be dotwmincd
from figgre 9. Value9 of the strearnline-curvnture correc-
tion (AC*6)Wmay be determined from figures 5, 6, rmd7 by
use of a-naverage valuo of “c,/c over th~”cdevator sptin.
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THE PARAMETER C~,
#

The aspect-ratio corrections for partial-span tabs are
usually smaller than for full-span tabs. An analytical method
of calculating the corrections is not available but, according
to the data presented in reference 7, an average reduction
faotor of 0.90 is satisfactory; that is,

where the integration need be made only across the span of
the tab.

For fti-span tabs the aspect-ratio correction is a little
larger and may be computed more accurately by use of the
folIowing approximation. The same reduction in the vahe
of Cht caused by aspect ratio (last two terms of equation (5))

may be assumed to apply to cb$t protided that it is multiplied

by the ratio of the tab-lift effectiveness (m,),, to the elevator-
Iift effectiveness (as).I. Thus,

&here

‘(~)M(ch.)..a+(Acfi,)=
was determined for the cfdcdaticm of C.6 and

~,,~,cha:’w’10)(%)=,=+——
b

DEVELOPMENT OF METHOD

AVAILABLELIFTING-SURFACE-THEORYRESULTS

ANALYTIC SOLUY!IO!W

A complete analytic solution of the elliptic wing has been
obtained and presented in reference 8. The mathematical
methods used were, however, extremely diflicult and it does
not seem to be practicable to obtain any numerical answers
from this treatment except for the theoretical slope of the
Iift curve. The numerical values of the theoretical lift-
curve slope of elliptic wings as given in reference 8 are
presented in figure 10 (a section lift-curve slope of 27 per
radian is used).

Robert T. Jones presented a theoretical correction in
reference 9, usually called the Jones edge-veIocity correction,
for the lift of elliptic mings at an angIe of attack. The lift-
curve slope obtained by applying the edge-velocity ccmrec-
tion is given in @e 10. Jones has also obtained (un-
published) an edgcwelocity correction for the damping in
roll of elliptic wings.

Although the Jones edge-valocity ccm-ection gives only
about two-thirds of the tatal theoretical correction to the
slope of the Mt curve (ilg. 10) or to the damping in roll
(reference 6), it has ssvwal very practical uses because it is

9058s5~26

o 24 68 [0 12 /4 16
Aspecf raflq A

FIGmE m.-slope of the Ifft curve C&as calculated by wcfous thmretkal met~ for 8

Sectfoll.dopeof%p?rradlnn. M.11

given by such an extremely simple formula. First, it may
be used to calculate the downwash at the 0.5-chord points
of the wing. Because the downwash at the 0.5-chord points
gives the amount. of lift load which has an angle-of-attack
type of chordwise load distribution (references 6 and l.O),-
this fact is especially valuable in estimating fite-span
hinge-moment characteristics from section data. Sectnidl.
the same formula that is used to apply the edge-velocity
correction may be used as a reasonable basis of extrapolating
other lifting-surface-theory results obtained for only one or
two aspect ratios by use.of the concept of an effective edge-
velocity correction factor. (See reference 6.)

Some studies have been made of the possibility of using a
ilnite number of “horseshoe” vortices to represent the actual
continuous ]oading over the wing. Falkner has developed
(reference 11) a procedure for laying out the horseshoe
vortices and has selected what he considers to be the most
representative points for computing the downwash for that
layout of vortices for wings at an angle of attack or with
continuous camber.

Studies with the electromagnetic-analogy method of mak-
ing lifting-s~face-theory calculations (described in refer-
ence 2) have indicated that the vortices used to represent
the continuous loading must be laid out very carefully in
order to obtain the correct down-wash,especially for arrange-
ments with spanwise or chordwise &continuities. Also,
Falkner has two layouts only slightly different near the tip
but which give very diflerent values of the down-wash.
Thus, it is believed that the resuhe of any method using a
finite number of horseshoe vortices must be e..amined with
care.

Falkner’s layout appears to give fairly satisfactory accu-
racy for the calculation of the lift-curve dope for cases of
rather smooth loading. This layout, hotiever, would prob-
ably be unsatisfactory for use for wings with flaps or ailerons
deflected; at least this case would require a different layout
of the horseShoe vortices and, therefore, &Terent tables for
use in the calculations. Also, the caIcukt:ion of hinge’-
mornent aspect-ratio corrections is considerably more oritical

than the calculation of the lift-curve dope. Fker’s

results for the lift-curve aIope are dso presented in figure 10.
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SEhlIGItAPHICAL SOLUTIONS

Reference 12 presents a semigraphicrd method of deter-
mining the downwash for any continuous distribution of
vcwticea in a pkme such as a lifting surface. ‘ Some of the
results obtained by this method are summarized in figure 11,

ELECTROMAGNETIC-ANALCI CIY SOLUTIONS

The electromagnetic-analogy method of solving lifting-
surface-theory problems (reference 2) has been used to solve
severaI cases (references 2, 3, 6, and unpublished data). A
summary of some of these results is given in figure 11.

METHODSOFEXTENDINGRESULTSOFAVAILABLE
LIFTING-SURFACE-TEEORYSOLUTIONS

Extending the limited number of lifting-surface-theory
solutions, preciously described, to apply to other aspect
ratios and chord loadinga required additional assumptions
that would permit the evaluation of the various lifting-
surface-theory parameters nec.eeswy for the evaluation of
aspect-ratio corrections for elliptic wings with constant-
percentage-chord full-span flaps. These assumptions are
believed to be satisfactory according to present knovdedge;
however, they will undoubtedly be modified to some extent
as additional lifting-anrface-tieory resulfi become available.

The induced downwash at the 0.5-chord Iifiti, determined

I I I I I I I [ I
A Refeye

.7 – ACh~o?.%Ww 3 1
—.— C&%hrcf 17qp :

t
3

----- F@-Obdic-m 3 II

Spon wise e+dhn, *

by lifting-surface-theory methods for elliptic wings of aspcit
ratios 3 and 6 with angle+ f-aUack-t.ype chordwiee loading,
agrees with the downwash of elliptic wings computed by Lhe
use of the Jones edge-veIocity correction factor .E (refer-
ence 9). The edge-velocity correction factor may bc used
to estimate the downwash at the 0,5-choriI line of dlip~ic
wings, The rektion for an elliptic wing of aspect ratio A
with angle-of-at tack-type chordwise loading may be shown
to be

(–)
Wb

2rma=. =:+++ ’1(:–])

The first”of the right-hand terms A/8 represents tho down-
vmeh induced by the bound (lift) vorticity and the las~ two
terms represent that induced by the trailing vortices.

The center-of-pressure coefficient C. is assumed to bc the
most important parameter with regard t.atho effccls of chord-
wise loading. The lifting-surface-t.hoory solution of refer-
ence 3 for an elliptic wing with parabolic-arc-camber chord-
wise loading may be then regarded as a solution for a wing
with a chordwise loading corresponding to that of a plain
flap of vaniehingly emalI chord in two~imensional flow sinco
both have the same cent.er+f-pressure location.

Lifting-surface-theory measurements for elliptic wings of
aspect ratio 3 with various chordwise loadings show thti~

.+ERzmfE

1 \ h I

(b]

.95 .30 .35 .40 .45 ,50
Center-of-pressure Coeft%imtj Cp

(a) Indrrccdcamber. OJ) Induwd downwaah at the O.E-chordllne.

FIQUBE1l.—Summwy o] available Ufting-aurfac+thwry aolutfona.



LWI’ING-SUTLFACE-THEOFIY ASPEC?l?-RATIO CORRECTIONS FOR HORIZONTAL TAIL SURFACES 387

the dovmwash induced at the 0.5-chord line by the traiIing
vortices is a linear function of the ceriter-of-pressure coeffi-
cient. (See fig. II (b).) For an elliptic wing of aspect ratio A
with a chorclwise loading having a center-of-pressure coefE-
cient Cr, the down-washat the O.&chord line induced by the
trailing vortices is therefore assumed to be given by

wub
– 1 ; ~(~–1)](2–4C,)

2r= 4

KAFmz
Since ai=~ and ct=T~ the parameter ~ is then

:=+. [l+ A(E–1)(1–2CP)] (11)

Streamline-curvature corrections for lift and hinge moment
have been developed in references 6 and 10. The corrections
are obtained by summing, across the wing, the parameter
a(wb/2F~J

b(x/c) (a measuxe of the parabolic-arc camber (refer-

ence 3)) times the chord ratio c/cS for the lift correction or
times the chord ratio squared (c/c,)a for the hinge-moment
correction.
‘ Thwe streamline-curvature functio~ are assumed to
vary with aspect ratio in the follovring manner for any
cho~dwise loading:

s.I“ob@/2rm=} ~ ~
()

~_L
?.l(z/c) c. Tp –A-,

r.0 ‘“’(%%T.WW9=Z%

where KL and KH are functions of the chord loading.

A~LN 8 KL
c~ ‘A< ~

and
AChx_ Fq 3 KH

c, ‘&m z m,
—_

Then

(12)

(13)

By use of the available Iifting-surface-theory data, KI and
Ks were evaluated as 5.09 and 4.21, respectively. Values of
the functions KL and & are plotted in figure 12 against
elevator-chord ratio c*/c.

As in reference 6, the concept of an effective edge-velocity
correction was used to extend. the lifting-surface-theory re-
sults for the slopes of the lift curves CL=and CL*. The fcm-
nmla used to evaluate E., which is used for calmdating CL=

in reference 6, is

lZ,=l.65(l&l)+l

Similarly, the efFective edge-veIocity correction E.f for
elliptic wings with full-span constant-percentage-chord
flaps is

Egf=K(Er–l) +1 (14)

where K is a function of only the flap-chord ratio.
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. .

FORMULASUSEDTO CALCULATEASPECT-RATIO .
CORRECTIONS ..

GEXERAL DISCUS=ON

For the problem of predicting the characteristics of ti.@-
span control surfaces, it is preferable to determine the lifting-
surface-theory solution in the form of corrections to the
simpler lifti.n@ne theory rather than to make ccunplete
analytic potentiaI-flo,w solutions such; as wer$ obt&ed in
reference 8. .The main effects of mscosity can tken be
included by basing the &ite-span estimations upon experi-
mentally determined section data; this method is especially
necessary for hinge-moment estimations. Tlms, the only
Mting+urface solutions mat may he used for aspect-ratio
corrections for hinge-moment estimations are those solu-
tions for which the shape of the surface required to support a
given lift distribution was determined. Corrections to the
given Iift distribution may -hen be determined by calculat-
ing the iq.crementallift distribution given by a surface equal
to the ditlerence between the assumed surface and the cal-
culated surface required to support the original given Iift
distribution. me changes in ~ge moment resu]~x.gfrorn
this incremental lift distribution can then be determ~ed. .

Formulas for determining these corrections to the span-
wise load distributions and rolling-moment and hinge-
moment characteristicshave been developed in connection with
jet-boundary-correction problems (refere~ce 10). These
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formulas are based on the assumption that the dMerenw
between the two surfaces is equivalent, at each section,
to an increment of angle of attack phs an increment
of parabolic-arc camber. The data .oflrefermccx 2 and 3
show that such assumptions are justified since the chordwise
distribution of downwash is approximately linear. These
formulas are based an thin-airfoil theory and thus do not
consider the effects of viscaity, wing thickness, or com-
pressibility.
~ Viscosity,-The complete additional twpe.c.t-ratiocorrection
consists of two parts. The main part resultsfrom the stream-
line curvature or induced parabolic-arc camber and the other
part results from an additional increment of induced angle
of attack (the rmgle at the 0.5c point) not determined by
lifting-line themy, --The. second part of the correction is
normally small, 5 to 1.0percent of the first part of the corr-
ection. Some experimental data indicate that the effects
of viscosity and wing thic.kwss are to reduce the theoretical
streamline-curvature correction by about 10 percent for air-
foils with small trailing-edge angles. Thus, essegti@ly the
same final answer is obtained whether the corrections are
applied in two parts (as should be done, strictly speaking)
or whether they are applied in one part but using the full
theoretical value of the streamline-curvature correction.
The added simplicity of using a single correction rather than
applying it in two parts led to the use of the method of ap-
plication of reference 1.

The use of the single correction worked very well for the
aileronsof refere.nc.e.1,which were aileronswith and trailing-
edge angles. In the present report it is desired to determine
the proper aspect-ratio corrections for tail surfaces with
beveled traiIing edges. For these~asea, for which .viscoua
effects may be much more pronounced, the reduction in the
theoretical streandine-curvatum correction may be consider-
ably more than 10 percent. Also, it maybe dy men that
when Cha is positive the t?ffeCtS of the reduction’ in the
streamline-curvature correction and the additional downwmh
at the 0.5c point are additive rather than compensating. AI-
though at present there are in.suflkient data to determine
accurately the magnitud~ of the reduction in the streamline-
curvature correction. for beveled ailerons, the simplification
of applying aspect-ratio correction in a single stcp does not
appmmaIIowable for beveled ailerons. .The corrections wi~,
therefore, be determined in two separate parts. in order to
keep them perfectly general; one, a streamline-curwiture
correction and the othor, an angle-of-attack correction, An
examination of the experimental data available at present
indicates that mora nearly accurate values of the hinge
moment resulting from streamline curvature are obtained by
multiplying the theoretical values by an empirical factor q
which is very nearly equal to 1—0.00064a,@being the trailing-
edge angle in degrees; however, this factor will doubtlees be
modticd when further experimental data are available.

Compressibility,—The effects of compressibility upon tlm
additional aspechratio corrections were not considered in
reference.1. First-order compressibility effects can bc ac-
counted for by application of the Prw.idt.l-Glauertrulc to
lifting-surface-theory resndt.s(reference 13). This method
consists in determining the incompressible flow chmwctwietim
of an equivalent wing whose chords arc increased by the ratio
l/~1 —M! where 111is the ratio of the free-strmm velocity

to the velocity of sound. Because approximate methods of

extrapolating the estimgtid lift. and hin.gc-momc.nt para-

meters to wings of any aspect ratio will be cletcrminwl, the

only estimations necessary are those of th hinge-moment

and damping parameters correspond ing to an equivalent

wing of which the aspect ratio is dccrcasccl by the ratio

-. TIM =timated param~t~rs for th~ cqlliv~lcnt
wing are then increased by the ratio l/~Wfl.

In most cases “the changes in the aspect ratio and in the.

lift and l~nge-moment parrimetwrsobtaincd by applying tho
ratios of .l~ can be shown to be sin~plj cquivahmt. to”” “”
the changea obt.ajned by using a value of the section slopo of
the lift curve at the proper hlach number. Thu comprc~~i-
bility corrections were applied in this fashion; that is, by
assuming that the section sIope of the lift curve was cxperi-.
mentally” determined at the proper vaIue of Mach number
in aII cases except the case of the aspect-ratio e.xtrapolatiom
factor for streamline-curvature load. (See figs. 5 and 6.)

GENERAL LIFTING-SUEFACE-THEORY FORMULAS FOR THE DETERMI.
NATION OF AERODYNAblIC CHARACTERISTICS OF ELLIPTIC WINGS l:ROM

SECTION DATA

In the present section general lift ing-surfucc-t.hcory for-

mulas for determining the aerodynamic charact cristics of

elliptic wings from section data are developed. In the sec-

tion entitled “Extension of Formulas to Otkr Aspect Rtitios

and 3%n Forms” methods of extending thw.e results to

apply to wings other than elliptic and further details of the

methods of extending the results to other aspect mt.ios are
presented,

Slope of lift curve CLr—In order to support in thrcc-
dimensional flow the load which would exist on an ~lliptic
wing with full-span flap of constant-percentage. chord if the
flow were two-dimensional, the wing, in addition to the fltip
deflection, must be. given an induced anglc of att.ark ai.
and an induced parabolic-arc camber P{. The incluccd
angl&of attack at is constant. across the spun, bul the in-
duced camber is not. If it is assumcc! that a vaIuc of I,3f
weighted in proportion to the chord can be used with the
slope c~~ to give the camber lift,

“~=c’,+(?)fi.+(%)sfi
In order to calculate the characteristic of finite-span

wings from section data, the iuduced angle of attack and the
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induced camber per unit flap deflection for the three-
dimensiomd lifting-surface load must be known. The ilnite-
span lift-curve SIOpeCL* k then

(15)

Because an average value of St is to be used with theo-
retical vahma of c~, it is convenient to write tie last te~
of equation (I 5) as (AC&- Equation (15) may then be
written

cL,=c~,-(:)H,Ja-(AcLt)m(16)

The induced loads (C@)mCla and (A&&c are con~dered
as positive quantities and the negative signs account for the
fact that they actuaIIy are downward ~oads.

The induced rmgleof attack for the lifting-surface load is a
function of the twodimenaional flap load &~a,the induced
(negative) angle-of-attack load ai~cl=, and the hduced
(negative) camber load I%MCJ8;that is,

The value of (ai/~)= is then the derivative of the function j
with respect to 8 and

d(act,)
-&-”cla

k= _ ~i
a(–a,ucz=)= ()c1 =

d(–afMcl=)= _ct 3
d(? 01U8U

()

Cei

‘C’s %- ~

aafa
()
at=——

a(–~iMCz@) c1 B

and

d(–p,~c[d) = A(?LJ)=

(
-.

da

As mentioned previously, the induced loads are considered

as positive quantities even though they are actually down-

ward loads. Thus

(%)u=cz~k),-~)mcl. (:)=-oc’~).,(:), (17)

Similarly, the induced camber lift is obtained as

(AcL$)~c=c’’t+)f-(~)= c2<%)a-

()

AC%C
(Ac& ~ ~ (18)

Solving equations (17) and (18) simultaneously for (c@u

and (ACLJ= gives

W l+KW-@W%%r’

‘)u~l+cJ=J)a][l~~W)J-@)d~#)jJa(l’]

(20)

Substituting these va-luesin equation (16) gives
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Slope of lift ourve ~L=.—~f in equation (21) c~mis sub-
~tituted for Cla, C.a for CL~, and cc for subscript j, the
resulting expression gives the slope of the Iift against angle-
of-attack curve for an elhptic wing; that is,

cLa’[~a
(22)

Slope of curve of hinge-moment ooeffloient against flap
deflection Cha.—The hinge-moment parameter Chdof a fu]]-
span constant-percentage-chord flap on an elliptic ming may
be expressed by an equation similar to equation (16),

~h8=C)j6-(;)M%+(W!J3C (23)

Values of (ai/3)u are given by equation (19), and (Ac~t)W
is evaluated by a relationship similar to equation (20),

(24)

SIope of curve of hinge-moment coefi?oient against angle

of attack Cha.—The equation for the estimation of G*= from

section data is obtained by substituting a for ~ in equation (23),

which gives

(25)

By the ss,me procedure equation (24) becomes

EXTENSION OF FORMULAS TO OTHER ASPECT
RATIOS AND PLAN FORMS

Wt-ourve sIope C.a.—The formuIa fo~ deter~in~g tile
slope of the lift curve from lifting-line theory (reference 1.4)

is

(?.a=
jc,=A

57.3cl=
A+—

‘n-

(27)

The values of j presented in reference 14 for wings of
diflerent aspect ratios and taper ratios were always between
1.0 and 0.98. Since the value of cl=wilI seldom be known to
withiu 2 percent, it is probably satisfactory to assume$= 1.0.

The slope of the lift curve including the Jones cdgo-
velocity correction is. (r$ference 9), if clu=O.109 per degree
(27rpm radian),

If cl= is not 0.109, the slope of the Iii%curve with the Joucs
edge-velocity correction may be shown to be .—

c.==
c l=A

57.3cl “ ‘--AE+-.A
T

(28)

In reference 6 the concept of an effective edge-velocity

correction E, was introduced, t.hovalue of l?~being schwtcd
such that the downwmh met the airfoil boundary cord ition
w=aV at the 0.75c point. lKTumericalvalues of Ec nrc giwm
in reference 6. Thus, the final forrmda for the SIOPCof tho
lift curve for smaIl angles of attack is

In fig~e 10 is given a comparison of the values of C~m
calculated by this formula and by other theoretical mc~hods
for a value of Cla=0.109 per degree or 2r pur radian.

IltI’activeness parameter (aJcL.-According to Lhc
assumptions of lifting-Iine throry, the parameter (m] Clis
independent of aspect-ratio effects. From lifting-Iinc theory,
the lif{ due to the deflection of an elevator C~, ma-y l-w
found ; thus,

or

C%=s(”’’,,’(s)
(30b)

where curves of CL/As against ~42 may bo obltiillc~l from
I

the calculation of the lift caused by the defiectiou of tiilmons
of various spans such as those used in refmmco 15. Because

CL~u

(“6)CLU= ~

au

..and

()
~LaU=2 ~

ma1!

m

equation (1) is obtained
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CL/ALY
~umerical values of ~CL,Aa)uz were calculated for the

.
wings considered in reference 15 and are presented in figure
2. Because there is a greater lifting-surface-theory correc-
tion to CL=Uthan to C~iU, there is a lifting-surface-theory

correct ion to (m)c~ti. The corrected value of (a~)c~ for

full-span elevato~ may be =timated by computing ~La

similarly to C.= from equation (11); thnt is,

A4cI=(ad) C~

c.,=

AE,,+?

where 17.~is an effective edge-velocity correction determined
for flap-type ehordwise loadings. Thus,

G6
k&L= ~=

Acra (ad) .1

57.3C1
M,J+ ~

n-.
.4c,-

(31)

and
57.3C[

(ao)cL Ee + ~a
— .

57.3F
‘a’) ‘1 E,f+—a r

(32)

The values of the effective ecIge-velocity correction G,

used in the det erruination of CL& md (ad) CL/(~J) Cl were deter-

mined in the fo~owing manner: JTaluesof oLt vrere com-

puted from equation (21) for a series of flap-chord ratios and
an aspect ratio 3. Values of ~~r were then determined so
that, for a section slope of the lift curve of 21rjC!&given by
equation (21) was equaI to

2rA (ad).J
‘Ll= AE6~+ 2

The values of 17.robtained in this manner for various flap-
chord ratios viere then extended to other aspect ratios by
use of the relationship

E.f=K(E.– 1)+ 1

as previously suggested. The values of 17,r determined for

elliptic wings in this manner are assumed to apply to wings

of other plan forms.

Einge-moment angle-of-attack slope G~=.—The fiite-span

value of the slope of the curve of hinge-moment coefficient

plotted against angle of attack as given by lifting-line theory. .... . . .. . -.
is

where aim is the Iifting-lin-theory value of the induced

angIe of attack at each section ~20 Reference 6 shows that

the complete value of the induced angle of attack is given

by the lifting-surface-theory value of the down-wash angle

at the 0.5c points, and that this vsdue for a wing at an angle

of attack is larger than that given by lifting-line theory.

A further lifting-surface-theory correction resulting from the

effective-camber changw must also be applied. In the past
the induced angle of attack has been estimated by use of the
Jones edge-velocity correction, and the streamline-curvature
correction for hinge-moment coticids has been used uncor-
rected for aerod~mnic induction (refemncw 1 and 6). The
effect of aerodynamic induction is to reduce the streamline-
cu.rvature load by a small increment of angk-of-attack-type
load. The fired value of streamline curvature is not altered
but the final value of angIe of attack is. The method devd-.
oped in the section entitled “General Lifting-Surface-Theory
Formula for the Determination of Aerodyn@c Character-
istics of Elliptic Wii from Section Data” takes into account
the change in induced angle of attack caused by the stream-
line curvature.

For tail surfaces of approximately eIIiptic plan form, m
may be considered constant across the span. For either
rectangular or highly tapered tail surfaces, aim varies mar&k-
edly across the span. Lifting-surface-theory rmdts for the
dow-mvash at the 0.5c points are not available for wings
other than elliptic; however, a satisfactory approximation
to the induced angle of attack maybe obtained by calculating
the variation in the induced angle along the span from lifting-
line theory for the particular plan form and estimating the
additional lifting-surface-theory induced angle for an equiv-
alent elliptic -wing of the same aspect ratio. Tho variation
in the induced a.ngIeacross the span is calculated as the ratio
of the induced angle at each section to the induced angIe for
the equivalent elliptic wing, both calculated by means of
Lift&-line theory. These calculations were made by the
method presented in reference 16. Two types of plan fom
were considered: straight taper @th square tips and straight
taper with elliptic tips covering 15 percent of the span. The
results are presented in figure 9. Thus,

(f%)sc (34)
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For taiI surfacea of nearly elliptic plan form (A between. 0.4
and 0.6) and having elevators of nearly constant-percentage
chord so that ch=is almost constant, equation (34) may be
simplified to equation (3)

“a=’’fia’a,~[l-r+)Ml+’Ach~’~c
men(Cha).oacannot be averaged by eye, it may be eva-

luated from

which is equivakmt to equation (4). The curv~ of %1 ~,

which is equal to
‘-(%(&)u (‘)

mwre computed by use
1– pal.) ‘

\ct}*
of values of (ai/a)M for elliptic wings from figure 4 and
values of (ada{cll)m from figure 9.

Values of (AC*=)= may be estimated from the parameter

(de)’ ~(A~+4.21) ~/FZF for elliptic wings
(A%)sc f’q~l,

presented in figure 5.
(

use curve labeled ~= 1.0 and sub-

stitute cl= for cl~.) Methods for determining the factor
/

~~ for externally balanced elevators are discussed in
..-, .

references 6 and 10 and values are presented in figure 7(a).

Values of the factor were calculated for internality balanced

elevators and are given in figure 7(b). VaIues of the aspect-

figure 6. The valu~ of q is l–O.0005&.
Hinge-moment-elevator-deflection slope C,d.—From lift-

ing-line theory,

ch*=&[r’’b’h~c’d(&)-Jb’”ch.@)uc’dw
b c’

(35)

As for the Cha calculation, lifting-surface-theory values of

(c@)~ and the camber correction (AcjJ= must be estimated

from the values computed for elliptic wings (equations (19)

and (24) ),

The evaluation of ai= for Cfid is similar to its evakation

for ~’a. Values of (@)M for elliptic wings maybe obtained

from figure 4 by use of an average value of c,/c over the

span of the elevator, It is then assumed that this value

may be corrected to the proper phm form by multiplying

by the ratio of the induced angle along the span from lifting-

line theory for the particular plan form to the induced

angle for the elliptic wing from lifting-line theory. Values
of tis ratio (a t/LYi,~l)mare presented in figure 9 for various
plan forms.

It is assumed that the streamline-curvatmw correction

(ACJ8)~C maybe evaluated from figures 5, 6, and 7 by usc

of an avw~ge value of ca/c,

which is equivalent to equation (5).

Elevator - hinge - moment - tab - deflection slope ChJ1.—Tho

mpect-ratio corrections to ~h$t (the dope of the curve of

elevator hinge moment plotted against tab deflection) are

from about one-half to one-fourth of the aspect-ratio corrccticm

to c~t. In fact, in reference 7 an empirical correlatioIl of

the parameter Chal was made that was based solely on

geometric characteristics (strip theory). Because the cur-

reIation was satisfactory, the aspect-rat.io corrections,

especially for partial-span tabs, may be assumed small

enough to allow tho variation of these corrcctiona with t-otal-

surface ccmflguration to be neglected. Thus, a constant

reduction factor of about- 0.9 may be used with satisfactory
accuracy. For completencss, however, the lifting-surfacc-
theory vahma of the aspect-ratio cmrect.ions wilI be pre-
sented for the case of full-span tubs along with an cstitnat.c
of the approximate magnitude of the corrections. For
partiaI-span tabs the Ioad induced by the tabs on the part
of the eIevator to either side of the tab appears to neutralize
a Iarge part of the emalI decrea9e in Ioad which occurs over
the elevator and {a-b. The aspect-ratio corrections for &
full-span tab arrangement are thus the larger.

From lifting-line theory, for an elliptic wing

ch~,=”chq -~)u(%)c:,=
(36)

and from Iif ting-surface theory, for an elliptic wiug

eha,=ch~,
‘@)= (a&:ha+(Ac’,,)= (37)

To a first approximation, (AC’JCL)8C may be assumed Lo

be the same for any flap- or tab-chord ratio; thus,

The expression in the brackets iu equrttiou (39) is equal
to the reduction in Cha caused by pIan form (equation (5)).
The reduction in ckalis therefore equal to the reduction in
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(a$t)OI~ ~rdm txI estimate the magnl-Chitimes the ratio —.
(%),,

(%,).l 1
tude of the rwpect-ratio correction, eb~=chat and —(a,)c,=m

may be used for usual tab-eIevator-chord ratios of abo~t 0.2.
(See refert!nce17.) AISOfrom reference 1, 0*~=0.5cht; there-
fore, the reduction in Cht,caused by aerodynamic induction

is approximately 0.4 of the reduction in chtand, further,
oh~,*0.8cbt, for a ffl-span tab.

Equation (39) may usually be used to wtimate Cat,for

full-span-tab arrangements with sufficient accuracy.

EXPERLMEI?TAL VERIFICATION

Results of wind-tunnel tests are ava.iIabIefor three finite-
span modds of horizontal tails of ATACA 0009 section and
aspect ratio 3 (references 4 and 5 and unpubIiehed data).
These tail surfaces have rectangular, elliptic, and Iinearly
ttipered 2:1 plan forms. AIl have full-span elevators.

In each of these reports, tables are presented giving a com-
parison of the experimental values and the vahes computed
for CL=by use of the Jones edge-velocity correction, and for
0,= by use of both the Jones edge-velocity correction and the
additionaI aspect-ratio correction resulting from the aero-
dynamically induced elliptic loading (reference 1). At the
time of publication of reference 1 no VSIUWof the correction
for Chtviere avaiIabIe.

For the various arrangements for which data are avail-
able, vahws of CL=,(m)c~, ah=, and ch~ were computed by
the method presented herein and are given in tabIe I.

The agreement between the measured and the calculated
values for all the parametwe is believed to be satisfactory
considering the probable accuracy of the measured data, al-
though the estimated values of the parameter (a*)cLseem
sIightIy greater than those obtained by lifting-line theory
and the aspect-ratio “correctionsto Chtfor the elevators vrit.h-
out overhang balance do not seem to be quite large enough.
The three-dimensionaI boundary-layer flows, especially for
the tapered wing model with a sweptforward and bevdecl
traiLingedge, are beIieved to be the main cause of the dis-
crepancy. The aspec~ratio corrections for the elevatom
with overhang balance, however, are slightly too large. The
Iifting-urfa.ce theory aspect-ratio corrections are generaIly
much more accurate than the lifting-line-theo~ corrections;
however, the values of C,acomputed by means of lifting-line
theory are in fair agreement for the elevators with moder-
ate amounts of overhang balance.

CONCLUDINGREMARKS

The Iifting+urface-theory method presented is believed to
allow a satisfactory estimation of the lift and binge-moment
parameters of horizontal tail surfaces with fulI-span elevators
from the section data. The application of the method is fairly
simple and requires no knowledge of Lifting-surface theory.

A comparison, of experiment al finite-span Iift and hinge-

moment parameters for three horizontal tail surfaces with the

parameters estimated by the method provided a satisfactory

verification of the method.

LANGLEY MENORIAL AERONAmC.4L LABORATORY,

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS,

LANGLEY FIELD, V-4., April 26, 1946.
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TABLE I

AERONAUTICS

COMPL-TATION OF FINITE-SPAN-R71NG CHARACTERISTICS FROM SECTION DATA —-
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$! i: i- ‘; ‘i i i ii . i i iiiiil
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